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1 The classical Riemann-Roch Theorem 

The classical Riemann-Roch Theorem is well-known in the func¬ 
tion theory as [M.R Atiyah and Hirzebruch, Riemann-Roch Theorem 
for dijferential manifolds , Bull. Amer. Math. Soc. 1959, Vol. 65, 
276-281] 

Theorem 1 (The Riemann-Roch Theorem) 

r{—D) — i{D) = d{D) — ^ + 1, 

where D is a fixed divisor of degree d{D) on a Riemann surface X 
of genus g,r{-D) is the dimension of the space of meromorphic 
functions of divisor > -D on X, i{D) the dimension of the space 
of meromorphic 1-forms of divisor > D on X. 

This theorem can be considered as computing the Euler char¬ 
acteristics of the sheaf of germs of holomorphic sections of the 
holomorphic bundle, defined by the divisor D, over X. It plays 
also an important role in classical algebraic geometry. 

Theorem 2 Let X be a nonsingular complex projective algebraic 
variety, c its first Chern class, ^ a holomorphic bundle over X. 


*The text was presented at the ICM2002-Satellite Conference “Abstract and Applied 
Analysis 2002”, August 13-17, 2002, Hanoi, the author expresses his sincere and deep 
thanks to the organizers, and especially Professor Dr. DSc. Nguyen Minh Chuong for 



Then the value on [X] of the cohomological class 

e^^^.ch^.A~^{pi{X),p2{X),.. .) 

equal to the Euler characteristic of the sheaf of holomorphic sec¬ 
tions of the bundle 

2 The Riemann-Roch Theorem in Algebraic Topology 

In algebraic topology the Riemann-Roch theorem appeared as 
some measure of noncommutativity of some diagrams relating 
two generalized homology theories. Let us remind the most gen¬ 
eral setting of the Riemann-Roch Theorem. 

Consider two generalized (co)homology theories k{X) and h{X) 
and T : h ^ k be a multiplicative map, sending 1 g h^{pt) to 
1 G k^{pt). Consider a vector bundle oriented with respect to 
the both theories, over the base X. Denote r(^) the Thom space of 
i.e. the quotient of the corresponding disk bundle D{^) modulo 
its boundary Sph{^). Let us consider an /i-oriented vector bundle 
^ = (X,X, V,p). Denote E' the complement to the zero section of 
E. It is easy to see that = h\E, E'). 

Theorem 3 (Thom Isomorphism) The Thom homomorphism 

t : hHX) = hHE) h‘i+’^{E,E') = h‘>+’^{T{Q) 

is an isomorphism. 

Following the Thom isomorphism theorem, there are Thom iso¬ 
morphisms 4 : h*{X) and 4 : ^*(^(0) ^ k*{X). 

The Todd class is defined as 7;(^) := (4)“^ o r o 4(1). The most 
general Riemann-Roch Theorem states: 

Theorem 4 For every a g h*{X), one has 

(4)“^ or o4(a) = r{a}Tr{0 



The Todd class is therefore some noncommutativity measure of 
the diagram 


h*{TiO) 


k*m)) 


T4 T4 

h*{X) k*{X) 

Example: h = k = H*{., Z 2 ), r = Sq = 1 + Sq^ + Sq^ + ..., then 
= w{^) = l + wi(^) + W2(0 + - ■ • - the full Stiefel-Whitney class. 


3 The Riemann-Roch Theorem and the Index Theorem of pseudo¬ 
differential operators 

One of the consequences of the Riemann-Roch Theorem is the 
fact that the index of the Dirac operator on X is exactly the Eu¬ 
ler characteristics of X. Let us review the classical results from 
algebraic topology and topology of pseudo-differential operators. 
With the Riemann-Roch Theorem it is convenient to define the 
direct image map f\ as the special case of the composition map 

/i*(X) ^ h*{T{v{X))) h*(T{u{Y))) h*{Y), 

where h is the ordinary co-homology, X and Y are the oriented 
manifolds and g = f : X ^Y. 

Theorem 5 Let X and Y be two closed manifold, oriented with 
respect to the both generalized (co)homology theories h and k 
and f : X ^ Y a continuous map. Then the Todd classes T{X) 
and T(Y) measure noncommutativity of the diagram 

h*(X) k*(X) 

i/i lf< 

h*{Y) h*(Y) 

and more precisely, f\(T(x)T(X)) = T(fi(x)).T(Y). 

The index of an arbitrary pseudo-differential operator D is re- 



Theorem 6 (Atiyah-Singer-Hirzebruch Index Theorem) 

indexD = {[ch D o T-^{[Cr[X))), [X]), 

where T(C^(X)) is the Todd class of complexified tangent bun¬ 
dle, T~^(C^(X)) = U{pi{x),p 2 {x),...), and U{ei{x‘^),e 2 {x‘^),...) = 

T—r 2 

~ Yli 

As a consequence of the previous theorem we have the fol¬ 
lowing result. Let X denote a 2n-dimensional oriented closed 
smooth manifold with spin structure, i.e. a fixed Hermitian struc¬ 
ture on fibers, smoothly depending of points on the base X. De¬ 
note Q^(X) the space of alternating differential /c-forms on X, and 
d : Q^(X) ^ Q^+^(X) the exterior differential, * the Hodge star op¬ 
erator and 6 = *d* : Q^“^(X) ^ Q^(X) the adjoint to d operator. 
The Dirac operator is ^ is a first order elliptic operator and its 
index is just equal to the Euler characteristic x{X) of the manifold. 


Theorem 7 


ind{d + ^) = x(X) 


4 Riemann-Roch Theorem in non-commutative geometry 

Let us consider an arbitrary algebra A over the ground field of 
complex numbers C and G a locally compact group and denote 
dg the left-invariant Haar measure on G. The space G'^{G) of all 
continuous functions with compact support on G with values in A 
under ordinary convolution 

U*9){x)-= / f{y)g{y~'-x)dy, 

JG 


involution 



and norm 


ll/ll =sup|/(a;)| 

xeG 

form a the so called cross-product A x G of A and G. 

Theorem 8 (Connes-Thom Isomorphism) 

G : K*+i(A X M) = K.(A), 

tnc ■ HQ+i(A X R) = HQ(A), 

^HP : HP,+i(A X R) = HP,{A). 

A consequence of this theorem is the existence of some noncom- 
mutative Todd class 

Theorem 9 There exists some Todd class 

{%- = OTOtHp(l) 

which measures the noncommutativity of the diagram 

K*+i{A X R) HP*+i(A X R) 

Uk i^HP 

K*(^) HP^A) 


5 Deformation quantization and periodic cyclic homology 

Deformation quantization gives us some noncommutative alge¬ 
bras which are deformation of the classical algebras of holomor- 
phic functions on X. For an arbitrary noncommutative algebra 
A there are at least two generalized homology theories: the K- 
theory and periodic cyclic homology. The Connes-Thom isomor¬ 
phism gives us a possibility to compare the two theories. There 
appeared some Todd class as the measure of noncommutativity. 
Let us review some results of P.Bressler, R. Nest and B. Tsygan 
[^IO-oeorri/9705014y 2 3 Jun 1997]. 

Deformation quantization of a manifold M is a formal one pa- 






algebras flat over C[[h]] together with an isomorphism of al¬ 
gebras AIj (8)c[[/i]] C ^ Om- The formula 

{f, 9} = Ilf, g] + h. Ai„ 

where / and g are two local sections of Om and /, g are their 
respective lifts in A\j, defines a Poisson structure associated to 
the deformation quantization A\j. 

It is well-known that all symplectic deformation quantization of 
M of dimension dimcM = 2d are locally isomorphic to the stan¬ 
dard deformation quantization of i.e. in a neighborhood U' of 
the origin in there is an isomorphism 

= Oc 24 U')[[h]] S aUU) 

of algebras over C[[/i]], continuous in the /i-adic topology, where 
the product on A^^diU') is given in coordinates xi,..., Xd, Ci, • • •, Cd 
on by the standard Weyl product (/ * g){x, = 


exp 



^g^^x^J 


f{x,^)g{y,g)\x=y 


Theorem 10 (RRT for periodic cyclic cycles) The diagram 

ccr{A%) ^ ccr{OM) 

is commutative. 

For V- and ^^-modules of the ring of pseudo-differential operators, 
take M = T*X for a complex manifold X, and is the defor¬ 
mation quantization with the characteristic class 0 = *ci(X), 

then A{TM) u = 7t*T{TM). After the use of Gelfand-Fuch 
oohomolonv the oomnutation booomo available. 



6 Noncommutative Chern characters of some quantum algebras 


Let us demonstrate the indicated scheme to some concrete cases 
of quantum half-planes and quantum punctured complex planes. 

We indicate some results, computed by Do Ngoc Diep and Nguyen 
Viet Hai [Contributions to Algebra and Geometry, Vol. 42, No 2] 
and Do Ngoc Diep and Aderemi O. Kuku [arXiv.org/math.QA/0109042]. 

Canonical coordinates on the upper half-planes. Recall that the Lie 
algebra q = aff(R) of affine transformations of the real straight 
line is described as follows, see for example QD^j: The Lie group 
Aff(R) of affine transformations of type 

X ax -\-b, for some parameters a, 6 g R, a 7 ^ 0. 


It is well-known that this group Aff(R) is a two dimensional Lie 
group which is isomorphic to the group of matrices 

Aff(R)S{/jJ M |a,6eR,a^0}. 

We consider its connected component 

G = Affo(R) = { / “ M |o, 6 G R, o > 0} 

of identity element. Its Lie algebra is 

0 = aff(R) = {/“ J^Ta,/?GR} 

admits a basis of two generators X,Y with the only nonzero Lie 
bracket [X,Y] = Y, i.e. 

0 = aff(R) ^ {aX + f5Y\[X, F] = F, a, /? G R}. 


The co-adjoint action of G on q* is given (see e.g. [AC2|] , [|Kt1i] ) 
by 


(K(a)F.Z) = (F. Adia-'^)Z).\/F G a*, o G G and Z G a. 













Denote the co-adjoint orbit of G in g, passing through F by 

Vtp = K{G)F := {K{g)F\F G G}. 

Because the group G = Affo(R) is exponential (see [|D2i]), for 
F G 0 * = aff(R)*, we have 

Qf = {K{q-x^{U)F\U G aff(R)}. 

It is easy to see that 

{K{q-x^U)F,Z) = (F,exp(-adF)F). 

It is easy therefore to see that 

F(exp U)F = (F, exp(- adt/)X)X* + (F, exp(- adf/)^^)^^*. 

For a general element [/ = aX + /?y g 0 , we have 



where F = a + /? + |(l - e^). This means that 

F(exp U)F = (A + iiL)X* + (/ie“)y*. 

From this formula one deduces [[D2|] the following description of 
all co-adjoint orbits of G in 0 *: 

• If /i = 0 , each point (x = A,y = 0 ) on the abscissa ordinate 
corresponds to a 0 -dimensional co-adjoint orbit 

Qa = {AX*}, A G R. 

• For /i 7 ^ 0 , there are two 2-dimensional co-adjoint orbits: the 
upper half-plane {(A, g) \ A, /i g R, /i > 0} corresponds to 
the co-adjoint orbit 

Q+:= {F = (A +/iF)X* + (/ie-“)y* | /i > 0), (1) 

and the lower half-plane {(A,/i) | A,/i g R, /i < 0} corre¬ 
sponds to the co-adjoint orbit 





Denote by the indicated symplectomorphism from onto 

Q+ 

{p, q) ^ q) := (j), e^) G Q+ 

Proposition 111. Hamiltonian function fz = Z\n canonical coor¬ 
dinates {p, q) of the orbit Q+ is of the form 

z o 'iIj{p^ q) = ap + [5e\ if Z = ^ ^ ^ ^ 

2. In the canonical coordinates {p, q) of the orbit Q+, the Kirillov 

form u)Y* is just the standard form uj = dp A dq. 

/\ 

Computation of generators £z Let US denote by A the 2-tensor 
associated with the Kirillov standard form u = dp Adq\n canon¬ 
ical Darboux coordinates. We use also the multi-index notation. 
Let us consider the well-known Moyal ★-product of two smooth 
functions u,v e defined by 

u*v = u.v + Y^ v), 

r>l 

where 

P^(u, v) := A'i-^IA' 2^2 _ _ _ 

with 

dr 

... dY ’ ^ ■ ■ ■ ’ 

as multi-index notation. It is well-known that this series converges 
in the Schwartz distribution spaces SiR!^). We apply this to the 
special case n = l. In our case we have only x = x‘^) = {p, q). 

Proposition 12 In the above mentioned canonical Darboux coor¬ 
dinates {p,q) on the orbit Q+, the Moyal ★-product satisfies the 
relation 


Consequently, to each adapted chart ^ in the sense of [|AC2|] , 
we associate a G-covariant ★-product. 

Proposition 13 (see [@]) Let ★ be a formal differentiable ★-product 
on C^{M,K), which is covariant under G. Then there exists a 
representation r of G in AutiV[[z/]] such that 

T{g){uirv) = T{g)ui^r{g)v. 


Let us denote by TpU the partial Fourier transform of the func¬ 
tion u from the variable p to the variable x, i.e. 


Tp{u){x,q) := 


\/2 


7T Jr 


e q)dp. 


Let us denote by T~^{u){x, q) the inverse Fourier transform. 

Lemma 14 1. dpTp^{p.u) = iTp^(x.u) , 

2 . Tp{v) = id:,Tp{v) , 

3. PHZ,Tp{u)) = with k>2. 

For each Z g aff(R), the corresponding Hamiltonian func¬ 
tion \s Z = ap + and we can consider the operator iz act¬ 
ing on dense subspace L^(R^, of smooth functions by left 
★-multiplication by iZ, i.e. iz{u) = iZ u. It is then contin¬ 
ued to the whole space It is easy to see that, be¬ 

cause of the relation in Proposition ([t^), the correspondence 
Z G aff(R) ^ ^ • is a representation of the Lie algebra 

aff(R) on the space iV[[|]] of formal power series in the parameter 
z/ = I with coefficients in R), see e.g. [@0 for more 

detail. 

We study now the convergence of the formal power series. In 
order to do this, we look at the ★-product of iZ as the ★-product 
of symbols and define the differential operators corresponding 
to iZ. It is easy to see that the resulting correspondence is a 
representation of g by pseudo-differential operators. 











Proposition 15 For each Z g aff(R) and for each compactly sup¬ 
ported function u g (7f'(R2), we have 



The associate irreducible unitary representations 

Our aim in this section is to exponentiate the obtained repre¬ 
sentation iz of the Lie algebra aff(R) to the corresponding rep¬ 
resentation of the Lie group Affo(R). We shall prove that the re¬ 
sult is exactly the irreducible unitary representation obtained 
from the orbit method or Mackey small subgroup method applied 
to this group Aff(R). Let us recall first the well-known list of all the 
irreducible unitary representations of the group of affine transfor¬ 
mation of the real straight line. 

Theorem 16 ( [|GN|] ) Every irreducible unitary representation of the 
group Aff(R) of all the affine transformations of the real straight 
line, up to unitary equivalence, is equivalent to one of the pair¬ 
wise non-equivalent representations: 

• the infinite dimensional representation S, realized in the space 
^), where R* = R \ {0} and is defined by the formula 



• the representation t/J, where £ = 0,1, A g R, realized in the 
1-dimensional Hilbert space and is given by the formula 


Uxig) = |aP\sgna)^ 


Let us consider now the connected component G = Affo(R). The 
irreducible unitary representations can be obtained easily from 
the orbit method machinery. 

Theorem 17 The representation exp(i^) of the group G = Affo(R) 




associated following the orbit method construction, to the orbit 
Q+, which is the upper half-plane H = R x R*, i. e. + 

(exp(4)/)(2/) = (Tn+{g)f){y) = f [ay)f G ^^(R*, 0), 

where g = exp Z = 

By analogy, we have also 

Theorem 18 The representation exp(^^) of the group G = Affo(R) 
is exactly the irreducible unitary representation T^_ of G = Affo(R) 
associated following the orbit method construction, to the orbit 
Q_, which is the lower half-plane H = R x R*, i. e. 

(exp(4)/)(2/) = [Tn_[g)f)[y) = f [ay)f G ^^(R*, 0), 
where g = exp Z = 

6.1 The group of affine transformations of the complex straight line 

Recall that the Lie algebra 0 = aff(C) of affine transformations of 
the complex straight line is described as follows, see [D]. 

It is well-known that the group Aff(C) is a four (real) dimen¬ 
sional Lie group which is isomorphism to the group of matrices: 

Aff(C)^|(^[J |a,6 eC,a^o| 

The most easy method is to consider X,y as complex gener¬ 
ators, X = Xi + 2 X 2 and Y = Yi-\- iY 2 . Then from the relation 

[X, y] = y, we get[Xi, yi] - [X 2 , yj+ 2 ([Xiy 2 ] + [X 2 , yi]) = yi+ 2 y 2 . 

This mean that the Lie algebra aff(C) is a real 4-dimensional Lie 
algebra, having 4 generators with the only nonzero Lie brackets: 

[Xi, yi] - [X 2 , y 2 ] = yi; [X 2 , yi] + [Xi, y 2 ] = y 2 and we can choose 





another basic noted again by the same letters to have more clear 
Lie brackets of this Lie algebra: 

[Xi, Fi] = Fi; [Xi, yj = y2; [X 2 , Yi] = y2; [X 2 , = -Yi 

Remark 19 Let us denote: 


= {w = qi+iq 2 ^ C |—00 < qi < + 00 ; 2/c7r < q 2 < 2/c7r+27r}; /c = 0, ±1,. 

L = e C|0 < p < + 00 ] = 0} and Ck = C\L 

is a univalent sheet of the Riemann surface of the complex vari¬ 
able multi-valued analytic function Ln(w;), (k = 0 ,±l,...) Then 
there is a natural diffeomorphism w eHk 1 —> e Ck with each 
/c = 0, ±1,.... Now consider the map: 

cxc —>nF = Cxc* 


{z,w) I—> {z,e^), 

with a fixed k eZ. We have a local diffeomorphism 

ipk-CxYik — >CxCk 
[z,w) I—> {z,e^) 

This diffeomorphism (pk will be needed in the all sequel. 


On C X we have the natural symplectic form 

1 _ _ 

LU = -[dz A dw dz A dw]^ ( 3 ) 

induced from C^. Put z = pi+ip 2 , w = qi+iq 2 and x^, = 

{puQi,P 2 ,q 2 ) ^ then 

LU = dpi A dqi — dp2 A dq2. 


The corresponding symplectic matrix of u is 

/o-ioo\ /olO 

1 0 0 0 ^ -10 0 
00 01 ^ - 000 


0 ^ 
0 

-1 


A = 


We have therefore the Poisson brackets of functions as follows. 
With each f,g e C'^(Q) 

If a\ = = A12 ^9 21 df dg 34 df dg 43 df dg 

dx^ dx^ dpi dqi dqi dpi dp2 dq2 dq2 dp2 

df dg df dg df dg df dg 

dpi dqi dqi dpi dp 2 dq 2 dq 2 dp 2 

= 2[—— - —— + _ ^^1 

az dw dw dz dz dw dw dz 

Proposition 20 Fixing the local diffeomorphism pkik e Z), we 
have: 

1. For any element A e aff(C), the corresponding Hamiltonian 
function A in local coordinates (z,w) of the orbit Qf is of the 
form 

A o (pk[z^ w) = -[az + f3e^ + Wz + [de^] 

2. In local coordinates {z,w) of the orbit Ap, the symplectic Kir¬ 
illov form Up is just the standard form (1). 

Computation of Operators 

Proposition 21 With A,Be aff(C), the Moyal ★-product satisfies 
the relation: _ _ _ _ 

iAik iB — iB ik iA = i[A, B] ( 4 ) 

For each A e aff(C), the corresponding Hamiltonian function 
is 

A = -[az + fde^ -\-az-\- /3e'^] 

and we can consider the operator acting on dense subspace 
L^(R^ X (R^)*, ^pAQidP 2 dq 2 'joo Qf smooth functions by left ★-multiplication 

by iA, i.e: i^^\f) = iAik f. Because of the relation in Proposition 
3.1, we have 

Corollary 22 

pW _ /}W ,, pW odd , odd — \odd oddf oc:\ 



From this it is easy to see that, the correspondence A e aff(C) i—> 
=\A^. is a representation of the Lie algebra aff(C) on the 
space N[[|]] of formal power series, see [G] for more detail. 

Proposition 23 For each A = ^ q q ^ ^ aff(C) and for each 
compactly supported C'^-function / g (C x H^), we have: 

iff ;= JT o if O Tf{f) = - 80 f + a{^d^ - 80 f + (6) 

Remark 24 Setting new variables u = w - = w-\-0^\Ne have 

+ P^^)f\{u,v) (7) 

i.e if = a-§^ + a-^ + + ^e“), which provides a ( local) repre¬ 

sentation of the Lie algebra aff(C). 

The Irreducible Representations 6>/Aff(C). Since if is a repre¬ 
sentation of the Lie algebra Aff(C), we have: 

is just the corresponding representation ojfthe corresponding con¬ 
nected and simply connected Lie group Aff(C). 

Let us first recall the well-known list of all the irreducible uni¬ 
tary representations of the group of affine transformation of the 
complex straight line, see [D] for more details. 

Theorem 25 Up tojjnitary equivalence, every irreducible unitary 
representation of Aff(C) is unitarily equivalent to one the follow¬ 
ing one-to-another non-equivalent irreducible unitary representa¬ 
tions: 

1 . The unitary characters of the group, i.e the one dimensional 
unitary representation Ux,\ g C, acting in C following the 


2 . The infinite dimensional irreducible representations Te,0 e 
S\ acting on the Hilbert space x S^) following the for¬ 
mula: 

[T0{z,w)f]{x) = ^^ ]))/(^ ® ( 8 ) 

Zn 

Where {z, w) e M(C) ; x g R x = C\{0}; / g ^^(r x S^); 


X ® z = Re{x + z) + ^ j 

Ztt 


In this section we will prove the following important Theorem 
which is very interesting for us both in theory and practice. 

Theorem 26 The representation exp(i^^^) of the group Aff(C) is 
the irreducible unitary representation Te of Aff(C) associated, fol¬ 
lowing the orbit method construction, to the orbit Q, i.e: 

exp(4^V(^) = [^^(exp A)/](x), 

where/ G L2(RxS1); A= [ ^ ^ ) G aff(C); 6> G S//c = 0, ±1,.. . 


Remark 27 We say that a real Lie algebra 0 is in the class MD 
if every K-orbit is of dimension, equal 0 or dim g. Further more, 
one proved that ([D, Theorem 4.4]) Up to isomorphism, every Lie 
algebra of class MD is one of the following: 

1 . Commutative Lie algebras. 

2. Lie algebra aff(R) of affine transformations of the real straight 
line 


3. Lie algebra aff(C) of affine transformations of the complex 
straight line. 

Thus, by calculation for the group of affine transformations of the 
real straight line Aff(R) in [DH] and here for the group affine trans¬ 
formations of the complex straight line Aff(C) we obtained a de- 


6.2 MD 4-groups 


We refer the reader to the results of Nguyen Viet Hai [iHg]-[|H^ for 
the class of MD^-groups (i.e. 4-dimensional solvable Lie groups, 
all the co-adjoint of which are of dimension 0 or maximal). It is 
interesting that here he obtained the same exact computation for 
★-products and all representations. 

6.3 SO{3) 

As an typical example of compact Lie group, the author proposed 
Job A. Nable to consider the case of SO(3). We refer the reader 
to the results of Job Nable [ NHli1 - [[Na3i1 . In these examples, it is 
interesting that the ★-products, in some how as explained in these 
papers, involved the Maslov indices and Monodromy Theorem. 


6.4 Exponential groups 


Arnal-Cortet constructed star-products for this case [[ACIil - flAG^ 


6.5 Compact groups 

We refer readers to the works of C. Moreno [|Mq] . 


7 Algebraic Noncommutative Chern Characters 

Let G be a compact group, HP^{C*{G)) the periodic cyclic ho¬ 
mology introduced in §2. Since C*{G) = lim-Ma^(C), 
HP*(C*(G)) coincides with the HP4C'*(G)) defined by J. Cuntz- 
D. Quillen [jCOj. 

Lemma 28 Let {/ivjiveN be the above defined collection of ideals 
in G*{G). Then 

KAGGG)) = lim KJIm) = 






















where T is the fixed maximal torus in G. 


First note that the algebraic K-theory of C*-algebras has the sta¬ 
bility property 

k4^^m,(c)) = k*(c(t)). 

Hence, 

limK,(4,) = K,( n C^) = K,(C(T)), 

w= highest weight 

by Pontryagin duality. 

J. Cuntz and D. Quillen \CQ] defined the so called X-complexes 
of C-algebras and then used some ideas of Fedosov product 
to define algebraic Chern characters. We now briefly recall the 
their definitions. For a (non-commutative) associate C-algebra 
A, consider the space of even non-commutative differential forms 
Q+(A) = RA, equipped with the Fedosov product 

LJi o CJ2 := CJ1CJ2 — 

see [gQ|] . Consider also the ideal IA ■= ®k>i^‘^^(A). It is easy to 
see that RA/IA = A and that RA admits the universal property 
that any based linear map p : A^ M can be uniquely extended 
to a derivation D : RA M. The derivations D : RA M 
bijectively correspond to lifting homomorphisms from RA to the 
semi-direct product RA^M, which also bijectively correspond to 
linear map p\ A = A/C M given by 


a ^ A D{pa). 


From the universal property of we obtain a bimodule iso¬ 

morphism 


RA^ A^ RA = Q}{RA). 

As in [PQ|] , let Vt~A = Then we have 

Q.-A = RA0 A = n\RA)# := n\RA)/[{n\RA),RA) 






Theorem 29 (f€Q] , Theoremi): There exists an isomorphism of 
Z/(2)-graded complexes 

^:nA = Q+A 0 Q-A = RAe 

such that 

<|) : n^A ^ RA, 

is defined by 

^{aodai... da 2 n = p{cli)^{cli, 0^2) •• • ^(<^ 2 n-i 5 <^2^)5 


and 

<|) : Q-A = n\RA)^, 

• • • dci2n+l^ P(Q'i)^(Q'15 ^2^) • • • ^(Q'2n— 15 ^2n) d (^0,2n+l) • 

With respect to this identification, the product in RA is just the 
Fedosov product on even differential forms and the differentials 
on the X-complex 

X{RA) : RA = Q+A ^ ^\RA)^ = ^ RA 

become the operators 

/? = 6 — (1 0 K)d : Q~A Q^A, 

S = -N^2b 0 B : Q+X ^ Q" A, 

where N ^2 = I^{dai... dan) ■= dan • • • <^<^ 1 - 

Let us denote by IA < RA the ideal of even non-commutative 
differential forms of order > 2 . By the universal property of 

n\RA/IA) = Q}RA/{{IA)Q}RA 0 Q}RA.{IA) 0 dIA). 

Since Q}RA = {RA)dRA = dRA.(RA), then 

Q^RA{IA) = lAQ^RA mod [RA, Q^R]. 

Q\RA/IA)# = Q^RA/{[RA, Q^RA] 0 lA.dRA 0 dIA). 

For M-adic tower we have the complex X{RA/{IA)^^^) 




Define X^”^'-{RA,IA): 

RA/(IAy'+^ n^RA/{[RA, Q^RA] + {IA)"'+^dRA + rf(7A)"+‘) 

^ RA/{IAY^\ 

and X‘^''{RA, I A ): 

RAKyiAf^^ + [RA, M"]) ^ Q^RAI([RA, Q^RA] + d{IAfdRA) 

RA/{{IAf^^ + [RA, I A"]). 

One has 

hiyiAfdIA) = [{IAf,IA] c (M)"+\ 

n 

C Y^{IAyd{IA){IA)"-^ C (7/l)’W/l + 

j=o 

and hence 

X\RA,IA = X{RA, I A), 

X\RA,IA) = {RA/IA)^. 

There is an sequence of maps between complexes 

... ^ X{RA/IA) I A) X‘^^{RA, I A) X{RA/IA) 

We have the inverse limits 

X{RAJA) := YimX{RAI{IAf+^) = YimX^{RAJA). 

Remark that 

X^ = QA/F^QA, 

X{RA/IA) = QA. 

We quote the second main result of J. Cuntz and D. Quillen 
( [QQl] , Thm2), namely: 

H,X{RAJA) = HP,(A). 

We now apply this machinery to our case. First we have the 
fnllnwinn 




Lemma 30 


limHP*(/iv) ^ HP*(C(T)). 

N 

By similar arguments as in the previous lemma More pre¬ 
cisely, we have 

HP(4,) = HP( n ^ HP(C(T)) 

w;=highest weight 

by Pontryagin duality. 

Now, for each idempotent e g Mn{A) there is an unique ele¬ 
ment X e Mn{RA). Then the element 

e:=x + {x--)Y, e M„(RA) 

n>l 

is a lifting of e to an idempotent matrix in Mn{RA). Then the map 
[e] tr{e) defines the map Ko ^ Ho{X{RA)) = HPo(A). To an 

element g e GU(A) one associates an element p g Gl{RA) and 
to the element g~^ an element q g Gln(RA) then put 

X = 1 — qp, and y = 1 — pq. 

And finally, to each class [g] g GU(A) one associates 

tr{g~^dg) = tr{l — x)~^d{l — x) = d{tr{log{l — x))) = 

CXO 

= —tr'^^x^dx G Gl^{A)^. 

n=0 

Then [g] tr{g~^dg) defines the map Ki{A) HHi(A) = Hi{X{RA)) 
HPi(A). 

Let HP(4J be the periodic cyclic cohomology defined by Cuntz- 
Quillen. Then the pairing 

K:'»(C’(G))xljHP’(7Ar)^C 

N 

defines an algebraic non-commutative Chern character 




which gives us a variant of non-commutative Chern characters 
with values in HP-groups. 

Theorem 31 Let G be a compact group and T a fixed maximal 
compact torus of G. Then, the Chern character 

chaig : K.(C'*(G)) ^ HP,(G*(G)) 

is an isomorphism, which can be identified with the classical 
Chern character 


ch : K4C(T)) ^ HP4C(T)) 

which is also an isomorphism. 


References 

[AC1] D. Arnal and J. C. Cortet, 'k-product and representations of 
nilpotent Lie groups, J. Geom. Phys., 2(1985), No 2, 86- 
116. 

[AC2] D. Arnal and J. C. Cortet, Representations * des groupes ex- 
ponentiels, J. Funct. Anal. 92(1990), 103-135. 

[Ar] V. I. Arnold, Mathematical Methods of Classical Mechanics, 

Springer Verlag, Berlin - New York - Heidelberg, 1984. 

[BGV] N. Berline, E. Getzler and M. Vergne, Heat Kernels 
and Dirac operators, Grundlehren der mathematischen 
Wissenschaften, Corrected 2nd Printing 1996, No. 298, 
Springer-Verlag,1992. 

[B] A. Borel, Sur la cohomologie des espaces fibres princi- 
paux et des espaces homogenes de groupes de Lie com¬ 
pacts, Annals of Math., 57(1953), 115-207. 

[CP] V. Chari and A. Pressley, A guide to Quantum Groups, 
Cambridoe Univ. Press. 1995. 



[Ca] A. Connes, Non commutative Geometry, Academic 
Press, 1994. 

[Co] A. Connes, Entire cyclic cohomology of Banach alge¬ 
bras and characters of 9-summable Fredholm modules, 
K-theory, 1(1988), 519-548. 

[C] J. Cuntz, A survey of some aspects of non-commutative 
geometry, Mathematisches Inst. Uni. Heidelberg, 
35(1992), pp.1-29. 

[CQ] J. Cuntz and D. Quillen, The X complex of the universal 
extensions. Preprint Math. Inst. Uni. Heidelberg, 1993. 

[D1] DoNgocDiep,A survey of noncommutative geometry methods 

for group algebras , J. of Lie Theory, 3(1993), ....... 

[D2] Do Ngoc Diep, Methods of Noncommutative Geometry for 
Group C^-Algebras, Chapman and Hall/CRC Press Re¬ 
search Notes in Mathematics Series, # 416,1999. 

[D3] Do Ngoc Diep, Multidimensional quantization and Fourier in¬ 

tegral operators, Forchergruppe “Topologie und nichtkm- 
mutative Geometrie”, Uni Heidelberg, Heft 42, Oktober 
1992, pp 9. 

[D4] Do Ngoc Diep, Quantum strata of coadjoint orbits, 

arXiv. irTialh.QA/0003100| . 

[DH1] Do Ngoc Diep and Nguyen Viet Hai, Quantum half-plane 
via Deformation Quantization, math. QA/9905002, 2 May 
1999. 

[DH2] Do Ngoc Diep and Nguyen Viet Hai Quantum coadjoint 
orbits of the group of affine transformations of the complex 
straight line, |math.QA/9908046| 

[DKT1] Do Ngoc Diep, Aderemi Q. Kuku and Nguyen Quoc Tho, 

Noncommutative Chern characters of compact Lie group C*- 






[DKT2] Do Ngoc Diep, Aderemi O. Kuku and Nguyen 
QUOC Tho, Noncommutative Chern characters of com¬ 
pact quantum groups, to appear in Journal of Algebra, 
[rTTal[i.QA/9807099| 

[DHK] Do Ngoc Diep, Phung Ho Hai and Aderemi O. Kuku Com¬ 
pact quantum group C^-algebras as Hopf algebras with ap¬ 
proximate unit, i rnalh.QA/99(M t7^ . 

[DT1] D. N. Diep and N. V. Thu, Homotopy invariance of entire 
current cyclic homology, Vietnam J. of Math., 25(1997), 
No 1. 

[DT2] D. N. Diep and N. V. Thu, Entire homology of non¬ 
commutative de Rham currents, ICTP, IC/96/214, 1996, 
23pp; to appear in Publication of CFCA, Hanoi-City Viet¬ 
nam National University, 1997. 

[Di] J. Dixmier, C*-algebras, North-Holland, Amsterdam, 
1982. 

[Dul] M. Duflo, Construction de gros ensemble de representations 
unitaires irreductibles d’un groupe de Lie quelconque, Proc. 
Conf. Neptune, Romanie (1980, Pitman Co), 147-155. 

[Du2] M. Duflo, Theorie de Mackey pour les groupes de Lie 
algebriques, Acta math. 149(1982), 153-213. 

[F] B. Fedosov, Deformation quantization and index theory, 

Akademie der Wissenschaften Verlag 1993. 

[FT] F. Feng and B. Tsygan, Hochschild and cyclic homology 
of quantum groups, Commun. Math. Phys. 140(1991), 
481-521. 

[G] S. Gutt, Deformation quantization, ICTP Workshop on Rep¬ 
resentation Theory of Lie groups, SMR 686/14, 1993. 






[GN] I. M. Gelfand and M. A. Naimark, Unitary representations of 
the group of affine transformations of the straight line, Dokl. 
AN SSSR, 55(1947), No 7, 571-574. 

[G-R] E. C. Gootman and J. Rosenberg, The structure of crossed 
products C^-algebras: A proof of the generalized Effros-Hahn 
conjecture, Invent, math. 52(1979), 283-198. 

[H] L. Hodgkin, On the K-theory of Lie groups. Topology, 
6(1967), 1-36. 

[H3] Nguyen Viet Hai, Quantum coadjoint orbits of real diamond 
Lie group, arXiv. iTTTHtt'i.QA/0001046] . 

[H4] Nguyen Viet Hai, Quantum coadjoint orbits of MD4-groups, 

arXiv. |malli.QA/0003058| . 

[Khl ] M. Khalkhali, On the entire cyclic cohomology of Banach 
algebras: /. Morita invariance, Mathematisches Inst. Uni. 
Heidelberg, 54(1992), pp 24. 

[Kh2] M. Khalkhali, On the entire cyclic cohomology of Banach 
algebras: //. Homotopy invariance, Mathematisches Inst. 
Uni. Heidelberg, 55(1992), pp 18. 

[Kal] A. Karabegov, Deformation quantization with separation 
of variables on a Kdhler manifold, Comm. Math. Phys. 
180(1996) 745-755. 

[Kil] A. A. Kirillov, Elements of the theory of representation. 

Springer Verlag, Berlin - New York - Heidelberg, 1976. 

[Ki2] A. A. Kirillov, Unitary representations of nilpotent Lie groups, 

Russian Math. Survey, 1962, 17-52. 

[Ko] B. Kostant, On certain unitary representations which arise 
from a quantization theory. Lecture Notes in Math., 
170(1970), 237-. 







[Li] R. L. Lipsman, Generic representations are induced from 
square-integrable representations, Trans. A.M.S. 285(1984), 
845-854. 

[Mo] C. Moreno, Invariant star Products and representations of 
compact semisimple Lie groups, Letters in Math. Physics, 
12(1986), 217-229. 

[Nal] Job A. Nable, 'k-product and unitary representations of the 
rotation group, Preprint 

[Na2] Job A. Nable, i^-product and unitary representations of the 
complex rotation group. Preprint 

[Na3] Job A. Nable, x-product and unitary representations of 
SU(IJ), Preprint 

[Ngl ] Nghiem Xuan Hai, Algebres de Heidelberg et geometrie sym- 
plectique des algebres de Lie, Publication Math. Orsay, No 
78-08(1978). 

[Ng2] Nghiem Xuan Hai, Une variante de la conjecture de gelfand- 
Kirillov et la transformation de Fourier-PlancherH, C. R. 

Acad. Sci. Paris, Serie I, 293(1981), 381-384. 

[Ng3] Nghiem Xuan Hai, La transformation de Fourier-Plancharel 
analytique des groupes de Lie /. Algebres de Weyl et operateurs 
dijferentiels, Prepublication No 81T22, Univ. Paris XI, Or¬ 
say (1981). 

[Ng4] Nghiem Xuan Hai, La transformation de Fourier-Plancharel 
analytique des groupes de Lie 11. Les groupes nilpotents. 

Prepublication No 81T23, Univ. Paris XI, Orsay (1981). 

[Ng5] Nghiem Xuan Hai, La transformation de Fourier-Plancharel 
analytique des groupes de Lie resolubles, Prepublication No 
80T39, Univ. Paris XI, Orsay (1982). 



[P] H. Poincare, Sur les gwupes continus, Oeuvres de 
Poincare, vol. Ill, Paris, Gauthier-Villars, 1934, pp 173- 
212 . 

[R1] M. A. Rieffel, Deformation quantization of Heisenberg mani¬ 
folds Comm. Math. Phys. 122(1989), 531-562. 

[R2] M. A. Rieffel, Lie group convolution algebras as deformation 
quantization of linear Poisson structures Amer. J. of Math. 
112(1990), 657-686. 

[ReTa] N. Reschetikhin and L. A. Takhtajan, Deformation quanti¬ 
zation of Kdhler manifolds, irTialh.QA/99071 7t| . 

[TDV] Tran Dao Dong and Tran Vui, On the procedure of multidi¬ 
mensional quantization, Acta Math. Vietnam., 14(1989), No 
2, 19-30. 

[Th 1 ] N. V. Th u, Morita invariance of entire current cyclic homol¬ 
ogy, Vietnam J. Math, (to appear). 

[Th2] N. V. Thu, Exactness of entire current cyclic homology, 
Matimyas Mathematica (to appear). 

[TrV] Tran Vui, Multidimensional quantization and U(l)-covering, 

Acta Math. Vietnam. 16(1991), No 2. 

[TrV2] Tran Vui, A reduction of the procedure of multidimensional 
quantization. Tap Chi Toan Hoc (Vietnam J. of Math.), 
19(1991), No 2. 

[W1] T. Watanabe, On the Chern characters of symmetric 
spaces related to SU{n), J. Math. Kyoto Univ. 34(1994), 
149-169. 

[W2] T. Watanabe, Chern characters on compact Lie groups of 
low rank, Osaka J. Math. 22(1985), 463-488. 




